Introduction
In the case of external equitability, vertices in the complement of a set say D have equitable number of neighbours in D. That is the difference between the cardinalities of neighbors in D of any two vertices in the complement is at most one. This ensures that the complement of D is in a sense balanced with respect to neighbours in D. One may impose such a condition in the set D. That is, any two vertices in D have equitable number of neighbours in D. That is, the subgraph induced by D is bi-regular with bi-regularty (k, k + 1), (k > 0). Thus, a subset D of V (G) is internally equitable if for any x, y ∈ D, ||N (x) ∩ D| − |N (y) ∩ D|| ≤ 1. Coloring and domination can be introduced with internal equitability.
Internal Equitable coloring
Definition 1. A partition of V (G) into internally equitable subsets of V (G) is called internally equitable coloring partition of G. Since any proper color partition of G is an internally equitable coloring, the existence of internally equitable coloring of a graph is guaranteed. The minimum cardinality of an internally equitable coloring partition of G is called internally equitable coloring number of G and is denoted by χ e i (G).
Remark 2. χ e i (G) ≤ χ(G).

Proposition 3.
• χ e i (K n ) = 1 and χ(K n ) = n.
• χ e i (K 1,n ) = 2 and χ(K 1,n ) = 2 when n ≥ 2.
• χ e i K m,n = 1 if |m − n| ≤ 1 and χ(K m,n = 2) if |m − n| ≤ 2.
• χ e i (C n ) = 1.
• χ e i (P n ) = 1 since P n is tri-regular.
• χ e i (W n ) =
Since V (D r,s ) is not equitable and the set of pendant vertices as well as the set of the two centers are equitable.
Since any three vertices of G constitute an internally equitable set. Both the bounds are sharp since χ e i (K n ) = 1 and χ
Remark 5. Let k be any positive integer. Let n 1 , n 2 , · · · , n k be positive integers such that
Internally Equitable Domination in graphs
Definition 7. Let G = (V, E) be a simple graph. A subset S of V (G) is called an internally equitable dominating set of G, if S is a dominating set of G and for every u, v ∈ S, ||N (u) ∩ S| − |N (v) ∩ S|| ≤ 1. Clearly any maximal independent set and any independent dominating set is an internally equitable dominating set of G. Hence the existence of an internally equitable dominating set is guaranteed in any graph.The minimum (Maximum) cardinality of a minimal internally equitable dominating set of G is called the internally equitable (upper internally equitable) domination number of G and is denoted by γ 
This is independent and also internally equitable. 
Illustration 15. 
Theorem 16. Given any two positive integers k, l there exists a connected graph G such that γ
Proof : Let G be the graph given below. 
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Remark 20. The converse of 18 is not true.Since in the subdivided graph 
Here γ 
G :
Proof Let v be a vertex of maximum degree in G. Let I be a maximal independent set of minimum cardinality in < V − N [v] >. Then I ∪ {v} being independent is an independent dominating set of G. Therefore γ
Theorem 27. Let G be a wounded spider. Then
Proof : Let u be the center of the wounded spider. Let W be the set of pendent vertices not adjacent to u. Then W ∪ {u} is a dominating set which is also equitable. Further |W ∪ {u}| = n − ∆(T ). In a wounded spider γ(T ) = n − ∆(T ) ≤ γ G :
Theorem 30. Let G = (V, E) be a simple graph with γ
r(k − r), where n = qk + r, 0 ≤ r < k.
Then every vertex is in an independent set of cardinality at least k +s. Therefore number of edges in the graph is less than or equal to t(n, k + s) where t(n, k) = nC 2 − 1 2
r(k − r), where n = qk + r, 0 ≤ r < k. But t(n, k + s) ≤ t(n, k), (s ≥ 0). Hence the result.
Theorem 32. Let G = (V, E) be a simple graph with γ e i = t. Suppose every subset of V (G) of cardinality t is a γ e i -set of G ((ie) minimum internally equitable dominating set of G). Then G is either K n or K n or (n/2)K 2 .
Proof :
, where k is the independent domination number of G. But γ
. The only graphs G for which i(G) = t and |E(G)| = n(n−t) 2 are the multipartite graphs with each partition containing t elements and
3.1. Strong Internally equitable domination.
Definition 33. Let G = (V, E) be a simple graph. The least positive integer k (if exists) such that every subset of cardinality k is an internally equitable dominating set of G is called strong internally equitable dominating number of G and is denoted by s e i (G). Remark 34. There exist graphs G for which there exists no positive integer k such that every subset of V (G) of cardinality k is an internally equitable dominating set of G. For example, K 1,n (n ≥ 3) does not admit strong internally equitable domination number. So also, W n and D r,s .
Proposition 35. 
Therefore, G is (n − 2) regular. If n is odd, then every vertex is of odd degree and number of vertices of odd degree is n which is odd, which is a contradiction. Therefore n is even. Case(ii): γ(G) = 1. G has full degree vertices. Since s e i (G) = 2, there exists a vertex in G which is not a full degree vertex. Let the number of vertices of degree n − 1 be r. Subcase 1: Suppose r is odd and n − r is odd. Then there are r vertices of degree n − 1 and n − r vertices of degree n − 2. Exactly one of n − 1, n − 2 is even. Then the number of vertices of odd degree is n − r which is odd, a contradiction. If n − 2 is even, then the number of vertices of odd degree is r which is odd,which is a contradiction. Subcase 2: Suppose r is odd and n − r is even. Therefore n is odd. Any vertex is of degree n − 1 or n − 2. In this case, the set of n − r vertices, which are of degree n−2 will have degree n−r −2 within the set. The set of vertices of degree (n − 1) is complete. Therefore, G = K r + n−r 2 K 2 . Subcase 3: Suppose r is even and n − r is odd. Then n is odd.Therefore n − 2 is odd. Therefore number of vertices of odd degree is n − r which is odd, a contradiction. Subcase 4: Suppose r and n − r are even. In this case
Remark 38. There exists a graph G, such that (s Remark 40. If G is regular, then G is equitable and G − {v} is also equitable for every v ∈ V (G). Therefore s e i (G) ≤ n − 1.
3.2.
Internally equitable saturation number.
Definition 41. Let G = (V, E) be a simple graph. The least positive integer r such that every vertex belongs to an internally equitable dominating set of cardinality r is called the internally equitable dominating saturation number of G and is denoted by ies(G).
Definition 42. Let G = (V, E) be a simple graph. Let v ∈ V (G). Define i e (v) = min{|D| : D is an internally equitable dominating set of G containing v}. (Note that there always exists an internally equitable dominating set of G containing v, since any maximal independent set of G containing v is an internally equitable dominating set of G).
Definition 43. The upper saturation number of G denoted by ies(G) = max{i e (v), v ∈ G} Remark 44.
• ies(K n ) = 1.
• ies(K 1,n ) = 2 (Since i e (center of K 1,n )=1 and i e (any pendant vertex of K 1,n ) = 2)).
• ies(K m,n ) = 2(Since i e (u) = 2 for any vertex u ∈ V (K m,n )).
• ies(C n ) = n 3 since γ(C n ) = γ e i (C n ) = i(C n ) = n 3 .
• ies(P n ) = n 3 since γ(P n ) = γ e i P n = γ i P n = if n ≥ 7 γ(D r,s ) = 2 ≤ 3 = ies(D r,s ) < i(D r,s ) < r + s = β 0 (D r,s ) where 4 ≤ r ≤ s. γ(C n ) = γ e i (C n ) = i(C n ) = ies(C n ) < β 0 (C n ), where n ≥ 6.
